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Airplane Model Structure Determination from Flight Data
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A procedure for airplane model structure determination from flight data based on modified stepwise
regression (MSR), several decision criteria, and postulated aerodynamic model equations is presented. The MSR
is constructed to force a linear model for the aerodynamic coefficient first, then to select significant nonlinear
terms and reject nonsignificant terms from the model. In addition to the statistical criteria in the stepwise
regression, the prediction sum of squares criterion and analysis of residuals are examined for the selection of an
adequate model. The procedure is used in examples with simulated and real flight data. It is shown that the MSR
performs better than the ordinary stepwise regression and that the technique can be also applied to the large

amplitude maneuvers.

Introduction

"NTEREST in post-stall and spin flights has created a need

to extend parameter estimation into flight regimes where
nonlinear effects could become pronounced. Because of the
uncertainty in the model form for these regimes, the model
structure determination from flight data should be included in
the airplane identification procedure. The first treatment of
the airplane model structure determination based on the
stepwise regression was presented in Ref. 1. The technique
was applied to simulated data and in limited extent to the
flight data. The extension of this research work is covered in
Ref. 2, where the review of various criteria for the selection of
the “‘best’” model is also included. Further application of the
technique mentioned can be found in Refs. 3 and 4.

The purpose of this paper is to re-examine the applicability
of stepwise regression to the determination of airplane model
structure from flight data. The emphasis is given to the
development and interpretation of criteria, which would
enable the researcher to select the ““best” model for a given
test run, and to the verification of the model selected.

Modified Stepwise Regression

The linear regression technique is employed to estimate the
functional relationship of a dependent variable to one or more
independent variables. In the case of airplane models, the
resultant aerodynamic force and moment are expressed by
means -of the aerodynamic model equations, which may be
written as

Y@ =0,+86,x, (1) +....+0,_,x,_,(t) 6))
In this equation, y(¢) represents the resultant coefficient of
aerodynamic force or moment (the dependent variable); ¢,
through 8,_, are the stability and control derivatives; §,, is the
value of any particular coefficient corresponding to the initial
steady flight conditions; and x, through x, _, are the airplane
state and control variables (the independent variables). The
variables x, through x,,_, may also include any combination
of the state and control variables.
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When a sequence of N observations on both y and x has
been made at times ¢,,7,,...,#y, then the measured data can be
related by the following set of N linear equations:

Y(i) =0,40,%, (i) +...+0,_,;x,_; (i) +e(i)

i=12,...,.N 2)
Because Eq. (1) is only an approximation of the actual
aerodynamic relations, the right-hand side of Eq. (2) includes
an additional term, .e(7), often referred to as the equation
error. For N> n, the unknown parameters can be estimated
from the measurements by the least-squares technique.

The stepwise regression is a procedure which inserts in-
dependent variables into the regression model until the
regression equation is satisfactory. The order of insertion is
determined by using the partial correlation coefficient as a
measure of the importance of variables not yet in the
regression equation.

At every step of the regression the variables incorporated
into the model in previous stages and a new variable entering
the model are re-examined using the F statistic. The partial F),
value is given as

F,=02/s2(0;) j=12,.. 3)
where 0} is the estimate of the parameter 6, and s? ((5,) is the
variance of estimate ¢;.

The process of selecting and checking variables continues
until no more variables will be admitted to the equation and
no more are rejected. The complete computing scheme for the
stepwise regression can be found in Ref. 5.

In this paper a model will be described by a model structure
(analytical representation of a model) and model parameters
(coefficients in the analytical representation). Because the
correct model of an airplane is unknown, a major problem in
system identification is the selection, from measured data, of
an adequate model. An adequate model is a model which
sufficiently fits the data, facilitates the successful estimation
of unknown parameters, and has good prediction capabilities.

For the model structure determination procedure the
following assumptions will be made:

1) The general equations of a rigid body motion adequately
define the airplane motion.

2) The model for the aerodynamic force and moment
coefficients can be represented by multivariable polynomials
in response and control variables. The parameters in these
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equations are the coefficients of the Taylor series expansion
around the values corresponding to the initial steady-state
flight. ‘

3) Linear terms in the Taylor series expansion make
generally larger contributions to aerodynamic functions,
followed by higher-order terms. The third assumption will
result in a constraint on the selection of significant terms in
the regression equation.

The determination of an adequate model using the stepwise
regression includes these three steps; namely, the postulation
of terms which might enter the final model, the selection of an
adequate model, and finally the verification of the model
selected. An example of a postulated model is given by the
yawing moment coefficient, which was expressed as C, =C, 0
plus linear terms plus the variation of aerodynamic
derivatives with the angle of attack o« plus the nonlinear

dependence of C, on the sideslip angle 8 plus the variation of '

C, witha.

The computing scheme for the selection of an adequate
model is modified from that in Ref. 5. The linear terms in the
model are examined first. They enter the regression according
to their partial correlation coefficients and are kept in the
model regardless of the value of F,. This means that during
this part of the procedure no hypothesis testing is applied.
When all linear terms are included, the nonlinear terms
postulated are searched and the null hpothesis concerning
their significance and significance of all terms already in-
cluded in "the model is tested. The stepwise regression
technique with the constraint mentioned will be further
referred to as the modified stepwise regression (MSR).
Because of the constraint, the MSR provides the information
about the performance of a linear model. The constraint was
substantiated by many examples, using both the simulated
and real data. Its effect is also mentioned in examples
presented.

Selection of an Adequate Model

Experience with several test runs showed that the model
based only on the statistical significance of individual
parametérs in the regression equation can still include too
many parameters. The selection of an adequate model is
facilitated by invoking the ‘‘principle of parsimony,”’ which
states: Given two models fitted to the same data with residual
variances o3 and o3, which are close to one another, choose
the model with the fewer parameters.® It is therefore
recommended that more quantities and their variations be
examined as possible criteria. They include the following:

1) Compute the values of F, for each parameter in the
model. It should have the maximum value for an adequate
model.

2) Compute the value of the square of the multiple
correlation coefficient R?, which can be interpreted as a
measure of the usefulness of the terms other than 8, in the
model. However, the improvement in R? due to adding new
terms to the model must have some real significance and
should not only reflect the effect of the increased number of
parameters. The square of the multiple correlation coefficient
can be computed from the expression

_OTXTY—Ny?

R?= 4
YTY—-Ny? @

where 07 is the nx 1 vector of unknown parameters; X is the
Nxn matrix of measured independent variables; Y is the
N x 1 vector of measured values of y (i); and

N
y=(1/N) Y y(i)
i=1
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3) Compute the value of F, which is given as the ratio of
(regression mean square) to (residual mean square), or

_0TXTY-Ny?

(n—1)s? ©

where

=t iéz(i)
N—n 5

The model with the maximum F value has already been
recommended in Ref. 1 as the “‘best’’ one for a given set of
data.

4) Compute the prediction sum of squares (PRESS)
criterion proposed in Ref. 7 and defined as

N
PRESS= Y, [¥(i) =y (ilx(]),...,

i=1
x(i—=1),x(i+1),...,x(N))]? (©)

where y(il...) is the estimate of E{y(i)}, using the in-
vestigated subset and excluding the ith observation. This
criterion is based on the principle of the mean square
prediction error (MSPE), which can be expressed as the
variance of the response plus the variance of the prediction
plus the squared bias of prediction.

It can be shown (see Ref. 8) that in a model with a
redundant number of parameters, MSPE will increase owing
to the increase of the variance of the prediction. For the in-
complete model the MSPE will increase owing to the bias in
prediction. For an effective computing of PRESS, Eq. (6) can
be modified to

N N s 12
PRESS= ) () -y@)] )

= 1—var{y(i)}/c?

where o7 is the variance of the response and y (i) is now based
on all data points.

It follows from Eq. (7) that for N—oo, the PRESS ap-
proaches the sum of squares of residuals. Experience with
flights containing in excess of about 100 data points indicated
that even that number of points led to asymptotic behavior. It
was found that from about 30 to 40 points gave a good
PRESS result. Therefore a reduced number of data points °
(e.g., every tenth point) was used in computing the PRESS.
Then the sufficient sensitivity. of PRESS criterion to the
changes in the number of parameters included in the model
was maintained.

5) For an adequate model, the time history of the residuals
e(#). should be close to a random sequence which is un-
correlated and Gaussian,

Model Verification

Checks on the accuracy of estimated parameters and the
prediction qualities of the selected model are considered as the
verification of the model. The parameter estimates can be
compared with the results from repeated measurements under
the same conditions, that is, the same flight conditions and
input forms. Further, the least-squares estimates can be
compared with the estimates using different techniques but
the same data and model. For this comparison the maximum
likelihood method is recommended because of its optimal
asymptotical properties. Finally, the parameter estimates
must have physical values and should be compared with wind
tunnel results and theoretical predictions.

Examples

In the following three examples the modified stepwise
regression was applied to various sets of simulated and
measured data of a general aviation airplane. In all cases the
general equations of the airplane motion were used.
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Table 1 Effect of measurement noise on model structure and parameter estimates for simulated data
Estimate, )
Noise on independent and
Time value and Noise on dependent variables
noise-free dependent Low noise High noise
Parameter estimate variable level level
CYo 0.0069 0.0088 0.0088 0.0084
CYﬁ —0.555 —0.557 -0.556 —0.553
Cy -0.103 —-0.103 —-0.102 —-0.101
Cy, 0.88 0.795 0.710 0.640
Cyéa -0.075 -0.077 -0.074 —0.069
CY&r 0.05 0.050 0.056 0.050
Cy 1.34 1.44 1.60 1.53
Cry “our
Cyz o sen EXRY aee
R2v% 98.9 98.7 98.4
C,o —0.00042 —0.00027 —-0.0011 0.0012
C,B —0.11 —0.108 -0.107 -0.105
C, —-0.15 —0.145 —0.141 -0.139
c 0.21 0.197 0.255 0.228
C’aa -0.09 —0.092 —-0.094 —0.093
o 0 0 0 ~0.003
Chpa 1.0 1.05 0.92 0.87
R?,% 95.2 95.2 94.6
Cno 0.00099 0.00109 0.00102 0.00105
C, 8 0.03 0.0296 0.0270 0.0260
C, —0.063 —0.063 —-0.064 —0.065
C, -0.084 ~0.064 —0.086 —0.090
Cp, 0.013 0.013 0.016 0.016
C"aa —0.033 —-0.032 —0.031 —-0.031
C"pa 0.77 0.359 0.856 0.838
ey -1.33 ~1.34
R2,% 85.0 84.1 83.0
.02 summarized in Table 1. In the side force equation, the
2 selection of a model consisting of the linear terms plus the pa
PRESS .01 'f,, term is based on the maximum F value after the MSR was
allowed to consider all candidate variables. This model also
0 corresponds to that indicated by the minimum PRESS value
005 (Fig. 1). The ro and «? terms were two of the next three terms
to enter the model. None of the parameter estimates was
PRESS 003 R? statistically different from its true value. In its application to
* the rolling moment equation, the MSR was tested for its
o0l ability to delete a linear term (that it was earlier_ co.n§trained to
o0l include) once that term was shown to be insignificant. The
’ control term 8, was eliminated after the MSR was allowed to
R search the nonlinear candidate variables. The true model
PRESS 0007 % corresponded to both the maximum F value and the minimum
PRESS. Again the parameter estimates did not deviate

.0003

ENTRY NO.
Fig. 1 Values of F, PRESS, and R? at different entries of modified
stepwise regression; simulated data, dependent variables in error.

Example 1

For the first example, a simulated data set was created using
a fourth-order Runge-Kutta integration computer program
with a step size of 0.0001 s. The aerodynamic model in the
integration was that estimated by applying the MSR to a high-
angle-of-attack lateral maneuver which exhibited longitudinal
oscillations due to coupling effects. When applied to the
simulated data, the MSR selected the correct model structure
and parameter estimates, thus verifying the MSR in a noise-
free environment. Next, zero mean Gaussian noise was added
to the lateral dependent variables C,, C;, C,. The standard
deviation for this measurement noise was that estimated from
real flight data. The results of this application of the MSR are

statistically from their true values.

When applied to the yawing moment equation, the MSR
yields a six term model by maximum F value. In this model all
linear parameter estimates are within 2o of their true value.
However, C, , the nonlinear parameter, did deviate more
than 20 from its true value. When applying the PRESS
criterion, one finds the seven parameter model (corresponding
to the true model) to be best. When the ro term is added under
this criterion, the C,  estimate regresses to within lo of its
true value. o

As a measure of the robustness of the MSR, it was next
applied to two cases in which both the dependent variables
Cy, C;, C, and the linear model variables 6, p, r were
corrupted by zero mean Gaussian noise. Two cases were
examined. The standard deviation of the model variable noise
in the first case was that estimated from the ground
calibration of an instrumentation system. In the second case,
five times higher noise levels were applied to the same model
variables.
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Table2 Comparison of yawing moment parameter estimates for the maximum F-value model
and the F, » selected model
Estimate, 8
Low noise level High noise level
: From F), and From F,, and
From maximum and maximum From maximum maximum
True value Fvalue Fvalue Fvalue Fvalue
C"o 0.00099 0.00102 0.00109 0.00106 0.00114
C, 5 0.03 0.027 0.030 0.026 0.029
C, —0.063 0.064 -0.063 —0.062 —0.062
C,,f —0.084 0.086 -0.099 -0.090 -0.103
C”Ba 0.013 0.016 0.014 0.016 0.015
C"ar —0.033 —0.031 -0.034 —0.031 -0.034
C, 0.77 0.86 0.79 0.838 0.78
c -1.33 ~1.23 ~-1.31
Mro
20 02 - 24000 A
o, wﬁﬁﬁ/ r 100
deg
20 PRESS .01 LF 14,000} Jo ¥
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' ' Fig. 2 Measured time histories
igg . of input and output variables.
P, 2
deg/ sec -0 m PRESS . R%
100 1
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ENTRY NO.
. 0
deg Fig. 3 Values of F, PRESS, and R? at different entries of modified
\ stepwise regression; flight data, example 2.
-3
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In these last two cases one would expect the possibility of
biased parameter estimates from an equation error method.

With the [ower level of noise, the MSR reaches a maximum
F value at six variables for the side force equation. However,
the PRESS selects two additional variables that were not in
the simulation model. This emphasizes a third piece of in-
formation available to the MSR user. The user can examine
the F,’s for each of the variables in the regression at a given
point. If newly added variables have significantly lower E,’s
than those already in the model, one should pick the less
complex model equal to or greater than that corresponding to
the maximum F value. Using this method of examining the
F,’s for those models greater in complexity than that
corresponding to F,,, one extracts the correct model
structure for the rolling and yawing moment equations at
both levels of noise. For the side force equation, one still does
not extract the correct model in that the two terms of least
significance, ro and «?, never enter the regression.

The parameter estimates for both the maximum F value
model and the model extracted by examination of F,’s are
presented for the yawing moment equation in Table 2. The
modification which constrains the MSR to first fit the linear
model is an important feature. For the five cases in which
noise was added to the model variables, an unconstrained
stepwise regression was inconsistent between the PRESS and
maximum F criteria as to the best model structure. Also,
terms that were not in the simulated model were accepted in
certain best models for an unconstrained stepwise regression.

Therefore this example substantiates the use of the MSR
rather than the stepwise regression without constraint.

Example 2

In this example the MSR technique for model structure
determination was applied to the measured data. The data,
sampled at 0.05 s, represent a lateral response of the airplane
at =20 deg. The time histories of the input and some
response variables are plotted in Fig. 2. The response
variables indicate that the airplane exhibits a periodic lateral
motion which is also strongly coupled with the short. period
longitudinal mode. In Fig. 3 the ¥, PRESS, and R? values for
the lateral coefficients examined are plotted against the
number of entry into the MSR.

An adequate model for the side force coefficient was
selected at the eighth entry, where PRESS has its minimum
and F the second maximum. For the coefficient C, the F
criterion indicates an adequate model at the sixth entry, the
PRESS at the ninth. The difference in R? at these two entries
is only 2%. Therefore, considering the principle of par-
simony, the model with the smaller number of parameters was
selected. For the coefficient C, the changes in the F, PRESS,
and R? values after the fifth entry are apparent. These
changes indicate that the linear model (first five entries) is
completely inadequate and that some nonlinear terms must be
included. An adequate model was selected at the seventh
entry, where the PRESS values have their minimum and F
values their first maximum. The comparison between
measured time histories of C, and those computed by using
the linear and an adequate model is presented in Figs. 4 and 5.
Also included are the autocorrelation functions of residuals.
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Fig. 4 Time histories of
measured and computed
yawing moment coefficient and
autocorrelation function of
residuals; linear model.
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Fig. 5 Time histories of A Dt
measured and computed LR

yawing moment coefficient and LAG NUMBER
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Fig. 6 Measured lateral flight data time histories and those com-
puted using parameters obtained from modified stepwise regression,
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For the linear model the fit to the data is poor. By adding two
nonlinear terms, po and ra, the fit was improved substantially
and the autocorrelation function of residuals was close to that
for the uncorrelated random variable.

The variables included in adequate models for the three
coefficients are summarized as follows in the order as they
entered the model: for Cy: 8, 6,, 7, 8,, p, pa, ra?, o?; for C,:
B,p, 8, r,pos;and for C,: 68, p, B, 8,, 1, pa, ra.

In Fig. 6 the measured output time histories are compared
with those predicted by using the model for Cy, C,, and C,
determined by the MSR. The agreement in these time histories
is good except for the yawing velocity.

The next step in the airplane identification included the
parameter estimation by using the maximum likelihood
method with the model structure determined by the MSR. In
this estimation process the nonlinear parameters were kept
fixed on the least-squares estimates. Any attempt to estimate
the whole set of aerodynamic parameters failed because of a
divergence in the ML algorithm. The resulting ML and MSR
estimates of parameters in the yawing moment equation are
presented in Table 3. Some differences in the estimated
parameters from both methods exist, mainly in the cross-
derivative C, . All these differences might be caused by
undetected modelmg error and by the correlation between
linear and nonlinear parameters. Simulated studies of the
flight regime analyzed also showed that the data were very
sensitive to even small changes in certain parameters.

The model structures for the three coefficients Cy, C,, C,
were also determined by the stepwise regression without
constraint. The resulting models included the following
variables: for Cy: 8, Ba?, 6,, B3, for C;: B, B2, Ba?, p, §,,
pa, and for C,: pa, 87, p, 8,, B, ra.

As in the previous example with simulated data, these
models are different from those determined by the MSR. In
the second and third set, for example, the linear parameter
C,, and C, are missing. To obtain the output variables, a
numerical integration was performed using the control time
histories from the flight in which the models were identified.
Where the new aerodynamic model equations were used for
prediction of the output variables, a divergent motion of the
airplane resulted. The first set based on the MSR gave the
model which very well described the motion of the airplane,
whereas the second set only fit equally well the time histories
of Cy, C,, C, but failed to predict the airplane motion
correctly.

The physical meaning of some of the estimated nonlinear
parameters can be assessed from Fig. 7, where the C,
estimates from five test runs are plotted against the angle i
attack. The values of parameters C, and C"pa2 (slope and
curvature of solid lines) agree well with the trend in the change
of C, with a. Also plotted in Fig. 7 are the ML estimates of
C, usmg adequate models as determined by the MSR.

Table 3 Parameters and their standard errors estimated from measurements
using two estimation methods

MSR ML

Estin)ate, Standard error, Estimate, StandardAerror,b
Parameter [/ s(8) [ s(6)
C"o —0.00086 —0.00042 0.000061
C, 8 0.0316 0.00097 0.0300 0.000068
C,,p -0.0616 0.0019 -0.0392 0.00093
C,,r ~0.071 0.017 -0.094 0.0050
C"aa 0.013 0.0027 0.0225 0.00082
C"ar -0.033 0.0016 -0.027 0.0012
C, 0.77 0.015 0.772
c” ~1.3 0.14 ~1.3

X

ra

aFixed values. ® Cramer-Rao lower bound.
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Fig. 7 Comparison of lateral parameter estimated from flight data
using modified stepwise regression and maximum likelihood method.
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Fig. 8 Estimated longitudinal parameters from flight data using
modified stepwise regression.

Example 3

In the last example the data from a longitudinal large
amplitude maneuver were analyzed. The MSR selected a form
of an adequate model for the coefficient C,, which included
the terms o, a?, g, qa, 5,. The resulting parameters and their
variations with the angle of attack are plotted in Fig. 8. These
results are compared with the parameters obtained from 21
transient maneuvers initiated from pre- and post-stall steady-
state flight regimes (triangle symbols). In these 21 maneuvers
the excitation of the motion was considerably smaller than
that in the large amplitude maneuver analyzed.

The models for the large amplitude maneuver include the
linear variation of some parameter values with «. The
variations agree with the trend given by the results from the
small amplitude maneuvers. This agreement was improved
upon by partitioning the data from the large amplitude
maneuver into six subsets according to the values of «. The
first subset included the data with o varying from its
minimum value to 4 deg. The second subset consisted of data
corresponding to o between 4 and 8 deg, and so forth, until
the sixth subset was filled with data corresponding to «
between 20 and 24 deg. This partitioning was then repeated
starting with the subset of data values for o between 22 and 26
deg. An adequate model was determined for each data subset
by applying the MSR. The resulting parameters are plotted in
Fig. 8 (closed symbols). The parameters from the partitioned
data agree well with the results from 21 maneuvers. They
therefore better describe the variations of the parameters with
« than the estimates from the complete set, thus indicating a
preferable way of analyzing large amplitude maneuvers.
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Concluding Remarks

A procedure for the determination of airplane model
structure and parameters from pre- and post-stall flight data
has been presented. The procedure was demonstrated on both
simulated data and real flight test data. Designated MSR
(modified stepwise regression), the method postulates the
aerodynamic coefficients as multivariable polynomials in
input and output variables. The MSR consists of a stepwise
regression algorithm that has been constrained to consider the
linear model before considering any nonlinear terms. At each
step, the MSR is complemented by the prediction sum of
squares (PRESS) criterion, total F-value calculation, and
partial F-value calculations for all variables currently in the
model.

The following points can be drawn from the work reported
herein: v

1) The MSR can determine from simulated data the true
airplane model better than a stepwise regression without
constraint. Also the MSR chooses a model with better
prediction capabilities as demonstrated on flight data.

2) A combination of criteria (viz., PRESS, F value, partial
F values) facilitates the selection of a parsimonious model. In
applying the PRESS criterion, a limited subset of the data
string should be employed (e.g., every tenth point of a data
string consisting of 300 points).

3) At the output variable noise levels considered for the
simulated data, MSR is not adversely affected in its selection
of an adequate model.

4) The nonlinear terms selected by the MSR in the pre- and
post-stall regimes significantly enhance the fit of the
aerodynamic coefficients and ‘‘whitens”” the residual
sequence.

5) The MSR can be applied to large amplitude maneuvers
by applying it to the entire data length or by partitioning the
data string as a function of variables, e.g. the angle of attack,
the influence of which might lead to the existence of nonlinear
terms.

The procedure presented represents the first step toward the
determination of an overall model of an airplane from flight
data. When properly used it can provide results for better
understanding of airplane aerodynamics at high angles of
attack and for global stability and control analysis of an
airplane at these flight conditions.
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